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Abstract
Central configurations play an important role in the dynamics of
the n-body problem: they occur as relative equilibria and as asymp-
totic configurations in colliding trajectories. We illustrate how they
can be found as projective fixed points of self-maps defined on the
shape space, and some results on the inverse problem in dimension
1, i.e. finding (positive or real) masses which make a given collinear
configuration central. This survey article introduces readers to the
recent results of the author, also unpublished, showing an application
of the fixed point theory.
Keywords: n-body problem; multi-valued map; central configuration;
inverse problem.
1 Introduction
Let n ≥ 3 be and integer, and m1, . . . ,mn positive parameters, masses. Given
a dimension d ≥ 2, a configuration of n points in Rd is a n-tuple q =
(q1, . . . , qn) with qj ∈ Rd for all j and qi 6= qj whenever i 6= j. Spaces of
configurations (configuration spaces) have been the object of much of study
in recent decades (see Fadell–Husseini [6] for a topological point of view and
some deep and interesting consequences). The set of all configurations is
denoted Fn(Rd), following Fadell–Husseini notation. Topological properties
of configuration spaces have consequences on the study of dynamical systems
of n point particles interacting with mutual forces (the n-body problem: see
for example [22]). One of the most immediate problem occurring in this
context is the problem of finding and classifying central configurations : if
the particles interact under a potential U defined, for a given homogeneity
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parameter α > 0, as
U =
∑
i<j
mimj
‖qi − qj‖α ,
then central configurations are configurations of points such that there exists
a (negative) constant λ such that
(1.1) λmiqi = −α
∑
j 6=i
mimj
‖qi − qj‖α+2 (qi − qj) =
∂U
∂qi
for i = 1, . . . , n. For α = 1, it is the Newtonian gravitational interaction.
There have been an active line of research on central configurations since
decades: see for example [17], [4] [22]), [23], [15], [12], [2], [16], [1]. The
purpose of this article is to survey some recent results (mostly of the author)
in this field, with applications of fixed point theory.
2 Central configurations as fixed points: self-
maps and multi-valued self maps
Since the potential U and its gradient ∇U are homogeneous in q, equation
(1.1) can be re-written as a fixed point problem defined on the unit ellipsoid
S = {q ∈ Fn(Rd) :
∑n
i=1mi‖qi‖2 = 1}:
(2.1) − λ
α
qi =
∑
j 6=i
mj
‖qi − qj‖α+2 (qi − qj) = −
1
αmi
∂U
∂qi
If ∇M denotes the gradient with respect to the mass-metric 〈−,−〉M defined
on the tangent vectors of Fn(Rd) as
〈v,w〉M =
n∑
i=1
mivi ·wi,
where vi ·wi is the standard euclidean scalar product in Rd, then equation
(2.1) can be written as
(2.2) q =
−∇MU
‖∇MU‖M = F (q),
for a map F : Fn(Rd) → Rnd. Here ‖−‖M is the norm associated to the
mass-metric scalar product 〈−,−〉M , hence S is the unit sphere in Fn(Rd)
with respect to the norm mass-metric norm. This notation is standard, and
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highlights the fact that here masses are a chosen (and fixed) parameter of the
problem. For the inverse problem, below, this notation will be not necessary
since masses will be part of the solution.
Now consider the euclidean group of symmetries of Rd: it acts diagonally
(component-by-component) on the configuration space Fn(Rd). Since U is
invariant with respect to translations in Rd, the map F is invariant with
respect to translations: F (q) = F (q + v), whenever v is a vector of type
v1 = v2 = . . . = vn. Hence, the image F (q) is orthogonal to any such a
diagonal v (with respect to 〈−,−〉M), i.e. it belongs to the subspace
X0 = {v ∈ (Rd)n :
n∑
i=1
mivi = 0}.
Since any fixed point (central configuration) must belong to X0, we can
restrict the inertia ellipsoid to X0, and consider the restricted map F0 : S0 =
S ∩X0 → S0. Here we must take the closure S0 because it is not guaranteed
that F (q) is collision-free for every q ∈ Fn(Rd).
Now, the potential U is SO(d)-invariant, where again the SO(d) action
is diagonal on Fn(Rd), and hence its M -gradient and the function F are
SO(d)-equivariant: for each g ∈ SO(d) one has F (gq) = gF (q). This means
that, if pi : X0 → X0/SO(d) denotes the projection (and the same for S0 →
S0/SO(d)), the map F induces a map f on the quotient S0/SO(d)
(2.3) S0
F //
pi

S0 ⊂ X0
pi

S0/SO(d)
f // S0/SO(d).
The results in following proposition were proved in [7], [8], [10]. See also
[9]), where a combinatorially cohomological approach on coordinates was
used to simplify the mass-metric projections, which we are going to use later
below in (2.6).
(2.4) The map f is well-defined, compactly fixed, and
pi Fix(F ) = Fix f.
If [q] = pi(q) is an isolated fixed-point of f , with maximal isotropy stratum
of S0/SO(d), then its fixed point index is (−1)µ, where µ is the Morse index
of U at q.
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(2.5 ) Remark. Consider the following variables, for all i, j = 1, . . . , n
(2.6) qij = qi − qj; Qij =
{
qij
‖qij‖α+2 if i 6= j
0 if i = j.
Then
F (q) =
∑n
j=1mjQij
‖∑nj=1mjQij‖M .
Hence F (q) belongs to the positive cone generated by the column vectors if
the skew-symmetric matrix with entries Qij.
(2.7) Example. If d = 1, then SO(d) is trivial, and the dimension of S0 is
n − 2: it has n! connected components, one for each strict ordering of the
coordinates q1, . . . , qn. If n = 3, then the map f can not be extended by
continuity on S0, so that to be a genuine self-map S
1 → S1. In fact, the
matrix Qij is a 3 × 3 skew-symmetric matrix with real entries and F (q) is
the renormalization of the vector obtained by matrix-vector multiplication 0 Q12 Q13Q21 0 Q23
Q31 Q32 0
m1m2
m3
 .
Consider the component q1 > q2 > q3, which means q12 > 0, q23 > 0. If
q12 → 0+, then F (q) tends to the renormalization of the vector (divide by
Q12 which is positive and goes to +∞ as q12 → 0+) 0 1 0−1 0 0
0 0 0
m1m2
m3
 .
On the other, if we approach the collision q1 = q2 from the component
q2 > q1 > q3, we must divide by Q21 which is positive and goes to +∞ as
q21 → 0+, the limit is 0 −1 01 0 0
0 0 0
m1m2
m3
 .
In order to define a map we need to consider the antipodal map a : S0 → S0,
the corresponding group action, and the quotient S0/±. It is easy to see that
f is ±-equivariant, and it induces a map
f¯ : S0/± ⊂ Pn−2(R)→ S0/± .
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(a) The discontinuous function
f : S0 → S0 for n = 3 and mi = 1
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(b) The continuous projective func-
tion f¯ : P1(R)→ P1(R) for n = 3 and
mi = 1
Figure 1: The two functions f and f¯ for n = 3: on the left mod 2pi, on the
right mod pi
This map now can be extended to a continuous map S0/± → S0/±. For
n = 1, it is the map f¯ : S1 → S1 represented in figure 1. The same happens
for any n > 3: S0 is an open subspace of the sphere of dimension n− 2 (with
n! components), which projects onto an open subspace of the projective space
Pn−2(R) (with n!
2
components).
(2.8 ) Remark. Fixed point indices sum up to form the (local) Lefschetz num-
ber, and critical point Morse indices yield the Morse polynomial. Both give
topological estimates on the number of central configurations, provided they
are non-degenerate (and here Morse non-degenerate on the quotient, which
is equivalent to say that the Jacobian of f is non-degenerate at fixed points).
The computations involve homology computations on configuration spaces
or on projective configuration spaces. See [20], [21], [19], [13], and [14].
Now, for each choice of masses there is a (compact) subset of central con-
figurations in S0. It can be proven that the set is non-empty (the minima
of the potential yield central configurations). On the other hand, as already
Moulton set forth, there is the inverse problem of central configurations: We
consider, after Albouy–Moeckel [3], the inverse problem for central configu-
rations: given a configuration of n bodies, find positive masses which make
it central. We consider only collinear configurations (d = 1), and we refer
for details and further references on the inverse problem to [3], [18], [24], [5],
[11].
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3 The inverse collinear central configurations
problem: simplex-valued maps
Now we reformulate the inverse collinear problem in a quotient space. First,
re-define X0 = {q ∈ Fn(R) :
∑n
i=1 qi = 0}: now it does not depend on the
masses. Consider the orthogonal projection of Π: Fn(R)→ X0 (with respect
to the standard euclidean scalar product in Rn, i.e. the projection parallel
to the vector L). Then the inverse problem for a configuration q ∈ Fn(R)
has solutions (i.e. positive masses such that the configuration is central with
respect with this choice of masses and its center of mass) if and only if there
exists m ∈ Rn with positive coefficients such that ΠQm = Πq.
The space X0 has dimension n−1: let X1 denote the (n−2)-dimensional
subspace
X1 = {q ∈ X0 : q1 − qn = 1}.
Consider the open cone
X+0 = {q ∈ X0 : q1 > q2 > . . . > qn}.
It is homeomorphic to (0,+∞)×∆˚n−2, where ∆n−2 is the closure of X1∩X+0 }
in X1: it is a (n− 2)-simplex, and its n− 1 faces are given by the equations
q1 = q2, . . . qn−1 = qn;
the simplex ∆n−2 itself is given by the inequalities q1 ≥ q2 ≥ . . . ≥ qn with∑n
i=1 qi = 0 and q1 − qn = 1.
A simple computation gives the following lemma (cf. [11] for details and
[9] for more on mutual differences).
(3.1) Lemma. Let xi = qi − qi+1, for i = 1, . . . , n − 1. Then x = (xi) are
a linear system of coordinates on X0, and q ∈ X+0 if and only if xi > 0 for
i = 1, . . . , n − 1. Moreover, the simplex ∆n−2 is the standard n − 2 simplex
in Rn−1, and xi are barycentric coordinates with respect to its vertices.
In x-coordinates then for a configuration q ∈ X0 there is a solution to
the inverse problem if and only if there exists m ∈ Rn, all positive, such that
(3.2)
x1
x2
...
xn−1
 =

Q11 −Q21 Q12 −Q22 . . . Q1n −Q2n
Q21 −Q31 Q22 −Q32 . . . Q2n −Q3n
...
...
. . .
...
Qn−1,1 −Qn,1 Qn−1,2 −Qn,2 . . . Qn−1,n −Qn,n


m1
m2
...
mn

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Let Y denote the matrix with entries Qi,j − Qi+1,j. Note that the sums of
the entries in the j-th column is
(3.3)
n−1∑
i=1
Qij −Qi+1,j = Q1,j −Qn,j = Q1,j +Qj,n > 0.
Let q ∈ X0 be a configuration. Let Yj denote the j-th column of the matrix
Y . Then, by (3.3), Yk belongs to the half-space of X0 determined by the
inequality
∑n−1
i=1 xi > 0 ⇐⇒ q1 − qn > 0.
As a consequence, for each k = 1, . . . , n the vector
Yj
Q1j +Qjn
belongs to X1 (the sum of its components is 1).
(3.4) Theorem. Let ψ : ∆n−2 ( X1 be the multi-valued map defined as
follows: for each x ∈ ∆n−2 the image ψ(x) ⊂ X1 is the convex hull (which
is a finite union of simplices) of the n points
Yj
Q1j +Qjn
for j = 1, . . . , n. Then the map ψ is continuous and there is a solution to the
inverse central configuration problem for the configuration x ∈ ∆n−2 if and
only if x ∈ ψ(x).
(3.5 ) Remark. A priori the dimension of the simplices in ψ(x) could be
< n − 2; as a corollary of Theorems (2.13) and (2.17) of [11], at least for n
small, the columns of Q are always in general position (that is, the dimension
of the n simplices of ψ(x) is equal to n− 2).
(3.6) Example (n = 3). For n = 3, it is well-known that for α = 1 the
inverse problem has solutions for all configurations. It is in fact true for
every α > 0, and it can be seen for α = 1 in figure 2. In order to visualize
it, consider the homeomorphism t 7→ (t,√1− t2), which sends the interval
[−1, 1] to the upper unit semicircle, and the interval [−
√
2
2
,
√
2
2
] to the arc
of the unit circle with endpoints in (±
√
2
2
,
√
2
2
). Rotate in pi/4 clockwise
and project it radially onto ∆1 (this last step is not strictly necessary): then
consider the corresponding three columns Y1, Y2 and Y3 of the matrix Y ,
and their images in X1, and the projections on the unit circle (actually, the
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Figure 2: The multi-valued map ψ for n = 3
[1: 0: 0]
[0: 1: 0]
[0: 0: 1] [1: -1: 0]
[-1: 1: 0]
[1: 0: -1]
[-1: 0: 1]
[0: 1: -1]
[0: -1: 1]
Figure 3: The simplex ∆2 in X1, for n = 4
semicircle with x1 + x2 > 0). Then rotating counter-clockwise by pi/4 and
taking the inverse of the homeomorphism t 7→ (t,√1− t2) gives the three
maps
f1, f2, f3 : [−
√
2
2
,
√
2
2
]→ [−1, 1]
represented in figure 2, with f1 > f2 > f3. Now, it is clear that ψ(x) =
CH[f1(x), f2(x)] (where CH means the convex hull of the following list of
points), and if t < 0 (and hence x1 < x2) x ∈ CH[f2(x), f3(x)], while if t > 0
(and hence x1 > x2) x ∈ CH[f1(x), f2(x)].
(3.7) Example (n = 4). In this case the matrix (3.2) isQ11 −Q21 Q12 −Q22 Q13 −Q23 Q14 −Q24Q21 −Q31 Q22 −Q32 Q23 −Q33 Q24 −Q34
Q31 −Q41 Q32 −Q42 Q33 −Q43 Q34 −Q44

The 2-simplex ∆n−2 and the plane X1 can be projected on the unit sphere,
as in figure 3. The simplex is represented together with the lines of equation
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xi + xj = 0 in X1. Now it is not possible to visualize the 4 maps f1, f2,
f3 and f4 from ∆
2 to X1, defined as in the previous example. But after
renormalization it is possible to consider the restrictions of ψ to the three
faces xi = 0 of ∆
2, for i = 1, 2, 3, as follows. The matrix as x1 → 0 will be
(up to norms of the columns): 1 1 0 0−1 0 Q23 Q24 −Q34
0 0 Q34 Q34

since Q1j = Q2j for each j = 3, 4. Recall that the matrix for the three
particles q2, q3, q4 is[
Q22 −Q32 Q23 −Q33 Q24 −Q34
Q32 −Q42 Q33 −Q43 Q34 −Q44
]
=
[
Q23 Q23 Q24 −Q34
Q24 −Q23 Q34 Q34
]
hence the limiting Y as x1 → 0 has a submatrix which corresponds to the
columns Y2,Y3 of the problem with n = 3. The same computation can be
performed for the other columns: it happens that the restrictions of ψ to the
faces of the simplex are nothing but the maps defined with f1, f2, and f3 for
suitable choice of masses. For further details on such self-map, see [11].
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